of the group-theoretic analogues developed in this paper coincide, when restricted to the set of postive integers, with their number-theoretic counterparts; noting that the set of positive integers can be identified with the subset of Q consisting of all finite cyclic groups under the injective map n >->• C n where n is a positive integer and C n -Z/nZ is the cyclic group of order n.
COPRIME GROUPS, MULTIPLICATIVE FUNCTIONS, AND CONVOLUTIONS
Let G G Q be a finite group. Then G has a composition series given by {e} = Ho < Hi < • • • < H n -i < H n = G. The set-with-multiplicities of composition factors associated to this composition series is given by C(G) = {Hi/Hi-i : i -1,2,..., n} and it is uniquely determined by G upto isomorphism of factors (see [5] , Jordan-Holder Theorem). By convention C({e}) = 0. It is a standard fact that V K < G the set C(G) is the disjoint union (that is, union counting multiplicities) of the sets C(G/K) and C(K).
We shall say (see [6] ) that the groups G\, G 2 € Q are coprime or relatively prime if C(G\) and C(G 2 ) have no member (that is, composition factor) in common; in case C(G\) and C(G2) have no Abelian member in common then G\ and G2 will be called almost coprime. Thus, the groups G\ and G 2 will be coprime whenever they have coprime orders, and if G\ and G 2 are Abelian then the converse is also true. It may be mentioned here that the alternating groups A h and At are coprime but they do not have coprime orders.
A function / £ A(G) which is not identically zero will be called multiplicative if we have f(G\ x G 2 ) = f{Gi)f(G 2 ) whenever Gi,G 2 G Q are coprime; in case j(G x x G 2 ) = f(Gi)f(G 2 ) holds for all Gi,G 2 G Q then / will be called completely multiplicative. Further, we shall say that the function / is almost completely multiplicative if we have f(Gi x G 2 ) = f{G\)f(G2) whenever Gi,G 2 G Q are almost coprime. Thus, we have /({e}) = 1 if / satisfies any of the multiplicativity conditions. It is easy to see that | |, u and e are all completely multiplicative functions.
Given G € G, let YIC{G) denote the direct product of all members (counting multiplicities) of the set-with-multiplicities C(G). As a convention, we take IlC{e} = {e}. If / and g are any two functions in A{Q) then we shall define their convolution to be the function f * g €. A{Q) given by where G G G, and the summation is over all ordered pairs (H, K) G G x G which satisfy one of the following conditions: (i) One of H and K is G, and the other is {e},
(ii) HxK = UC(G), and none of H and K is {e}. [3] On arithmetic functions 47 The associative law for multiplication is thus established. The other properties can be easily proved. D REMARK 2.3. In general, the convolution of two multiplicative functions in A(Q) is not multiplicative. However, if the groups G\ y G2 € G are coprime as well as completely reducible then (/ * g){Gi x G2) -(/ * g){Gi) (f * g)(G 2 ); noting that on the completely reducible groups the convolution mentioned above coincides with the 'direct convolution' which is multiplicative (see [3] ). •
Consider the factorisation map p : G -• G given by p(G) = IIC(G) where G G G-
The function g mentioned in the above proposition will be called the inverse of the function / , and will be denoted by f~x. PROOF: Let Gi, G 2 6 G be any two coprime groups. We shall use induction on the direct factors of p{G\) and p{G 2 
and so, as the induction hypothesis, we assume that for each direct factor K\ of p(G{) = II(Gi) and for each direct factor
where the summations are over all ordered pairs
, and H 2 xK 2 = p(G 2 ). Therefore, using the induction hypothesis and the fact that (/ o p)({e}) = 1, we have
This completes the proof. D 
COROLLARY 2 . 1 0 . The set of all multiplicative functions in A(Q) of the form fop, where f G A(Q), is an Abelian group under the operation given by convolution.
So, ( / o p ) " 1 = f~l o p, and, by t h e above proposition, f~l o p is multiplicative. Hence, the corollary follows. D
. T H E M O B I U S F U N C T I O N A N D T H E R E L A T E D R E S U L T S
The Mobius function, which is one of the most useful examples of arithmetic functions of positive integers, is given by
where n is a positive integer, LJ(TI) is the number of distinct prime factors of n, and fi(n)
is the number of prime factors (counting multiplicity) of n.
We define the group-theoretic analogues of UJ, Q and the Mobius function fj. as
Q(G) = number of factors (counting multiplicity) in C(G), and otherwise where G € £. Note that w({e}) = 0 = ft({e}) and so /i({e}) = 1. Considering G to be C 2 x C 2 and C 4 , one can see that the Mobius function p(G) defined above is not an extension of the Mobius functions defined by Delsarte and Cohen. However, taking G = C n , we have
Tk is the standard prime factorisation of n, and so C{C n ) consists of the simple groups C Pi , each having multiplicity r*, 1 ^ i ^ k.
for all G u G 2 e Q, and u{G x x G 2 ) = u)(G\) + ^{Gi) ifGi and G 2 are coprime.
is the disjoint union (that is, union counting multiplicities) of C(Gi) and C(G 2 ). Hence the lemma follows. D In Proposition 2.7, we have seen, in particular, how to compute the inverse of a multiplicative function on Q. However, for completely multiplicative functions of the form fop the computation of the inverse is easy.
PROPOSITION 3 . 5 . Let f e A{Q) be a multiplicative function such that f -f op. Then f is completely multiplicative if and only if f * (p,f) = (fif) * f -e that is, f'

-nf where fxf is the ordinary product of \i and f.
P R O O F : For each G € G, we have = J2 f(HMK)f(K) = = f(G){u*n)(G)=e(G)
by proposition 3.2; noting that (fop)(G) = f(G), /({e}) = 1 and e{G) = 0 for G ± {e}.
Conversely, since / is mulptiplicative it is enough to show that f(P 
Clearly, CT O (G) = T(G) and <J\(G) = o{G).
Also, in particular, if we take G = C n then a Q (C n ) -a a (n); noting that there is an one to one correspondence between the normal subgroups of C n and the divisors of n given by N >-¥ \N\, where N < C n .
Since every proper non-trivial normal subgroup N of a finite group G satisfies 2 ^ |W| ^ |G|/2, we have As a corollary we have the following number theoretic identity. Given any two groups G\ and G 2 (finite or infinite, Abelian or non-abelian), we now develop a condition which is equivalent to saying that every normal subgroup of the product G\ x G 2 is of the form N x x iV 2 with N { < d, i = 1,2.
We shall say that the groups G\ and G2 have a subgroup in common if there exist non-trivial subgroups Hi of G\, and Hi of G 2 such that H\ = i/ 2 - 
It may be noted here that Hi < d and H { < 7r t (AT), z = 1,2. Now, suppose a x e Then (ai,a 2 ) € N for some a 2 £ G 2 ; in fact a 2 G n 2 (N). Therefore, Vyi € Gi, we have (9iaigr\a 2 ) = (</i,e 2 )(ai,a 2 )(gr 1 ,e 2 ) e iV G\. 9ia\9i~lai~l 6 A.K. Das [10] Thus, a x H x e Z(G X /H X ). (a x ,a 2 ),(b x ,b 2 ) G TV for some a 2 ,b 2 G TT 2 (N), and so ( a i i i " 1^^" 1 ) , ( a i&i>O2&2) G TV. Therefore,
This means that we have a well-defined injective map / :
showing that / is a homomorphism. 
Let (ai,a 2 ),(6i,6 2 ) G N then F(a 1^i ) = a 2 i/ 2 In [6] , Leinster has studied the groups G € Q which satisfy the condition a(G) = 2|G|, and he termed such groups as 'perfect groups' (not to be confused with the ones which are more standard and mean something else). He proved that an Abelian group G 6 G is perfect if and only if G = C n where n is a perfect number that is, cr(rc) = 2n, and he conjectured that there are infinitely many nonabelian perfect groups. However, it requires some effort to find examples of nonabelian perfect groups. Leinster has exhibited only three examples of such groups, namely, S 3 x C 5 , A 5 x C 6 i x C 31 x C s , A 6 x C 36 i x Cm x C 8 .
We mention below few more examples of nonabelian perfect groups:
Consider the generalised quaternion group Q 4m of order Am, m ^ 2, given by 
